On a problem of P. Erdös by Širáň, Jozef
Mathematica Slovaca
Jozef Širáň
On a problem of P. Erdös
Mathematica Slovaca, Vol. 34 (1984), No. 3, 337--340
Persistent URL: http://dml.cz/dmlcz/136362
Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1984
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
Moth. Slovoca 34,1984, No. 3,337—340 
ON A PROBLEM OF P. ERDOS 
JOZEF SlRAN 
1. Introduction 
For a given real number a, 0< a <2 and a positive integer n let G(n, a) denote 
the graph whose vertices are points of the unit sphere S„_i = 
-{JC = (JCI, x2, ..., xn)eR
n ; x\ + xl+ ... + x\= 1} in the real n-dimensional space Rn, 
and two points of S„_i are joined by an edge of G(n, a) if and only if their distance 
is a. 
P. Erdos (see, e.g., Problems of the Sixth Hungarian Colloquium on Com-
binatorics, Eger, July 1981) asked whether the chromatic number %(G(n, a)) of 
the graph G(n, a) tends to infinity while n—><». (Since each S„_i is a compact 
metric space, x(G(n, a)) is always a finite number, in contrast to the fact that 
G(n, a) has uncountably many vertices.) 
Our aim is to show that the answer to the above question is affirmative for all a, 
0<a<2. 
Theorem 1. For any a, 0<a<2 we have lim x(G(n, a)) = oo. 
n—*oo 
The proof of Theorem 1 will be given in Sections 2 and 3, where the cases 
0 < a _ _ V 2 and V 2 < a < 2 are handled separately. While in the first case it is 
relatively easy to prove that x(G(n, a))__ n, the second requires to use the Kneser 
graphs K({)+k for a suitable family of numbers r, k to prove that x(G(n, a))—> oo as 
n—>oo. Recall that the Kneser graph K(t
r) has the vertex set T^ , the set of all 
r-subsets of a t-element set T, and two r-sets of T are joined in K(t
r) if and only if 
they are disjoint. 
For all undefined concepts the reader is referred to Bollobas [1]. 
2. T h e c a s e O < a _ i V 2 
Proposition 1. If 0 < a _ i V _ ^ then lim x(G(n, a)) = oo. 
n—>oo 
Proof. Let Tn be an n-dimensional simplex, n^l such that the distance 
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between any two of its n + 1 vertices is a, 0 < a _ = V 2 . It is well known from the 
elementary geometry that the circumscribed (n — l)-sphere S(Tn) of the simplex Tn 
has the radius rn, where 
a_ I n 
Г"~V2 >n + l ' 
Obviously r „ < l for each n and 0 < a _ = V 2 . 
Without loss of generality we may suppose that the centre of S(Tn) is the point 
0 = (0, 0, ..., 0)eRn. Thus, each vertex JC, = (JC,,I, JC,,2, ..., jc,,n) of T„, l_i/_in + 1 
satisfies 
XІ, i + JC,, 2 + ••• + XitП— rn. 
Now let us assign to each JC, a point / ( J C , ) G R n + 1 , /(JC,) = (JC,,I, JC,,2, . . . , JC.,„, y„+i), 
where y„+i = V l - r 2 . It is easily seen that /(*,)_ S„ for each /, l_i/_in + l . 
Moreover, for i + ] the distance between /(JC,) and /(JC7) in i^
n + 1 is the same as the 
distance between JC, and JC; in R
n, namely, a. Therefore the set {/(JC,) ; 1 = / = n + 1} 
induces a complete subgraph on n + 1 vertices of G(n + l , a ) . Consequently, 
x(G(n + 1, a ) ) _ n + 1, whence 
lim %(G(n, a)) = oo 
for 0 < a _ i V 2 , as desired. 
3. ThecaseV2<a<2 
Lemma 1. Let V 2 < a < 2 . There is a positive rational number m and a real 
number c such that 
( a 2 - 2)c 2 + 4c + a 2 ( l + m) = 2. (1) 
Proof. Choose a positive rational m for which 
( a 2 - 2 ) m _ i 4 - a 2 ; 
this is possible because V2 < a < 2 . For the discriminant of (1) with the unknown c 
we then obtain 
D = - 4 a 2 [ ( a 2 - 2 ) m + a 2 - 4 ] _ = 0 . 
Lemma 1 follows. 
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Lemma 2. Let V2 < a < 2. There are positive integers p, q and a real c such that 
for each positive integer t there is a real bt satisfying both (2) and (3): 
tb2(qc2 + q+p) = l, (2) 
2tqb2(c-l)2 = a2. (3) 
Proof. Let m = p/q>0 and c satisfy (1). Then c± 1. Modifying (1) we easily 
obtain 
c2+l + m_ 1 
2(c-l)2 " a2 
From (4) for each positive integer t we have 




It follows from (5) that putting 
bT1 = y/t(qc2+q+p) 
we obtain the desired bt satisfying both (2) and (3). 
Proposition 2. If V 2 < a < 2 , then lim x(G(n, a)) = oo. 
Proof. Let p, q, c, t and bt be numbers as in Lemma 2 satisfying (2) and (3). 
Put at = cbt, tp = k, tq = r, and n=2r + k. Let Mt be the set of all ordered n -tuples 
composed of two numbers at, bt such that at occurs in each n-tuple exactly r times. 
Clearly Mt c R
n and |M,| = (n\. 
Choose a point x = (xu x2, ..., xn)eMt. Then, according to (2) and the above 
relations, 
x\ + x\ + ... + x2n = ra
2 + (r + k)b2 = tb2(qc2 + q+p) = l, 
whence M^czSn-i. Further, if y = (yi, y2, ..., yn)eMt such that xt = at implies 
y, = bt,lt-\i-^n, then, following (3), the distance d(x, y) between x and y satisfies 




= 2r(at - bt)
2 = 2tq(c - l)2b2 = a2. 
Combining these facts we conclude that the subgraph H of G(n, a) induced by 
the set Mt contains a copy of the Kneser graph K_
r)+k- Since x(K(2rr+k) = k + 2 (cf. [1, 
p. 260, Theorem 4.4]), it follows that x(G(n, a)) ^x (H) ^k + 2, or 
x(G((2q + p)t, a))^ tp + 2 for each positive integer t and V 2 < a <2. The proof 
of Proposition 2 (as well as that of Theorem 1) is complete. 
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4. Concluding remarks 
Our proof of Theorem 1 yields the lower bound %(G(n, a))^c(a)n with 
c(a) > 0, c(a) = 1 for 0 < a ^ V2 and lim c(a) = 0. Perhaps it is possible to show 
a—*2 
that %(G(n, a))^cn for an absolute constant c > 0 , but we did not succeed in 
obtaining results along this line (i.e. bounds uniform in a). 
Added in proof: The same problem has been solved independently by V. Rodl 
(to appear in Discrete Math.). 
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OB OJIHOH nPOBJIEME H 3P.LTE1IIA 
Jozef S i ran 
Pe3K)Me 
nycTb G(n , a) — rpacj), BepuiHHbi KOToporo cyTb TOHKH eflHHHHHOH ccj)epbi B eBKJiHflOBOM 
npocTpaHCTBe pa3MepH0CTH n, M j\Be BepuiHHbi coe^HHeHbi pe6poM B TOM cjiynae, Kor/ja MX paccTOHHHe 
paBHo a . B CTaTbe /joKa3aHo, HTO 
lim %(G(n, a)) = o° 
AJiH Bcex a , 0 < a < 2 , rjje x(G(n , a)) — xpoMarHHecKoe HHCJIO rpaqpa G(n , a). 
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